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SUMMARY 

The effects  of a constant external magnetic f i e l d  on the laminar, 

fu l ly  developed f l o w  of an electr ical ly  conducting incompressible 

rarefied gas i n  a nonconducting parallel-plate channel are studied. 

Consideration i s  given t o  the slip-flow regime, wherein a gas veloc- 

i t y  discontinuity occurs a t  the channel w a l l s .  

magnitude of the slip velocity i s  unaffected by the  magnetic-field 

It i s  found tha t  the 

strength f o r  a given pressure drop, but that  the mean gas velocity and 

w a l l  f r i c t ion  coefficient are  functions of both the velocity slip coef- 

f i c i en t  and the magnetic-field strength. The effect  of a second-order 

slip-flow boundary condition i s  br ief ly  discussed. J 7 -  

INTRODUCTION 

I n  recent years, considerable interest  has developed i n  the study 

of the  interaction between magnetic f i e lds  and the flow of e lec t r ica l ly  

conducting f lu ids  or 'gases. As i s  well kno-m, gases a t  high tempera- 

tures become ionized; ionized gases conduct e l ec t r i c i ty  and can be 

acted upon by magnetic fields. A growing body of both experimental 

and theoret ical  r e su l t s  on th i s  subject has been obtaineci aii& bzs bcen 

reviewed i n  t ex t s  on magnetogasdynamics (e,&, ref. 1)- 
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Another topic of current interest  i s  the flow of low-density 

Gas flows Uder  normal density conditions are gases i n  channels, 

called continuum flows. As the densiCy i s  reduced, either through 

an increase i n  temperature or a decrease i n  absolute pressure, a de- 

parture from continuum gas-dynamics phenomena occurs. The f i r s t  ef- 

f ec t  of the gas rarefaction i s  displayed as a slip of the gas over 

the bounding w a l l .  

rarefied gases i s  conveniently summarized i n  ref. 2- 

%is flow regime is termed s l ip  flow. The f l o w  of 

The study t o  be reported herein i s  concerned with the slip-flar 

Specifically, the effects  of a magnetic f i e l d  on the f l a w  of regime, 

a s l ight ly  rarefied, conducting gas i n  a parallel-plate channel are 

studied, Within the knowledge of the arbhor, the problem of slip flow 

i n  a magnetic f i e l d  ha6 received very l i t t l e  attention, 

plane Couette f l o w  of a rarefied conducting gas in a uniform transverse 

magnetic f i e l d  has been considered (ref.. 3) through equations developed 

from the Boltzmann equation of the kinetic theory of gases. 

sults are believed t o  be indicative of boundary-layer flow of a rare- 

f i ed  gas over a f la t  p la te  i n  the presence of a magnetic field. 

Law-speed 

The re- 

The purpose of the present work i s  t o  study the combined ef fec ts  

of velocity sl ip and magnetic f i e l d  on the steady laminar flow of an 

incompressible, e lec t r ica l ly  conducting gas of constant electrical 

conductivity between two parallelwalls. 

i b l e  flow and uniform e lec t r ica l  conductivity i n  the en t i re  flow field 

The a s s q t i o n  of i n c m e s e -  
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is  physically realizable f o r  t h e  case of subsonic flows of a rela- 

t ive ly  hot gas* 'Phe velocity of the flow is  p r a l l e l t o  the channel 

walls, and there i s  an external magnetic field of constant strength 

transverse t o  these walls.  The more genera- accepted method of 

analysis fo r  slip flows is uti l ized here; i re r ,  the continuum equa- 

t ions of motion are  used throughout the gas, together with the sl ip 

velocity boundary condition at  the duct wa l l s  (ref, 2). It i s  f e l t  

t ha t  this study w i l l  a e l d  some understanding of the interaction of 

a magnetic f i e l d  with duct flow of a slightly rarefied conducting gas. 

Such f l o w  problems could arise,  fo r  e x q l e ,  i n  magnetogasdynamic 

(Ma) generators t ha t  use relatively low-pressure, high-temperature 

gases a6 the working fluid, and inMGD space-flight propulsion systems. 

I n  the  next section, the first-order velocity s l ip  boundary con- 

d i t ion  i s  imposed, and the results are  considered i n  sane detail .  The 

effect  of a second-order j q  boundary condition i s  taken qp br i e f ly  

i n  the  f i n a l  section. 

I?IRST-ORDE!R SLIP FLOW 

Dimensions and coordinates for the system under study are shown 

i n  fig. 1. 

including a body for& arising from the magnetic and e lec t r ic  f i e l d s  

i s  (ref. 4) 

The equation of motion fo r  the fully-developed a x i a l  flow 

a P . h  = c t p Q  + dd2u/az2) ,  (1) 
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where &/ax is  the axial pressure gradient, pe the gas permea- 

b i l i t y ,  j the currest, €Io the imposed magnetic f ie ld ,  p the  gas 

viscosity, ami u the axial gas velocity. The absolute cgs sy.stem 

of units is  adapted here. 

be substituted (ref. 4) 

Fromthe generalized Ohm’s l aw,  there can 

J ‘(E - pea,), (2) 

where E i e  the electr ic-f ie ld  intensity and u is the gas elec- 

t r i c a l  conductivity, t o  obtain the d i f fe ren t ia l  equation for  u: 

Defining 7 = z/L and P = -ap/ax gives 

where M is a dimensionless parameter called the Harbann nlxrdber, 

The s l i p f l o w  boundmy condition tha t  permits a s l i p  velocity 

u a t  the duct Walls (7  * f 1) is  written a s  (ref. 2 )  S 

The s l i p  coefficient 5, i s  given by the expression (ref.  2 )  

where 7 is the  mean free path, given by (ref. 2 )  
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and p is termed Maxwell's reflection coefficient3 R i s  the gas 

constant, 

The solution for  the velocity distribution satisf'ying eqs. (4) 

ana (5) is 

is  assumedj Le . ,  if there i s  no net current flow through the channel, 

then it folluws that 

where 'j i s  the mean current* Substituting eqs, (2)  an& (8) into 

eq- (9)  and carrying out the integration yield 

( 9 )  

From the definition of the H ~ r t m a a n  number, however, 

2 2  pedHo = M2p/L2, and hence an alternate form of eq. (10) i s  

Utilizing eq, (LO) U o m  eq* (8) t o  become 

(12) u(T) = (PM/peuHo) 2 2  Bcosh M - a cosh m)!a sinh MI. 
The mean @.s velocity i B  obtained fsom the dehni t ion  
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With division of eq. ( 1 2 )  by eq. (13), a dimensionless velocity d i s t r i -  

bution i n  the duct is obtained: 

This equation can be recast i n t o  an equivalent form that clear ly  re- 

veals the significant dbensionless parameterst 

ufi = [eu/L -i- (cosh M - cosh MT)/M sinh M] 

+(tu/L + l / M  t & h  M - 1/M2) 

where h = E$+. 

ted depend on the fundtiom f ( M )  and g(M), which are functions of the 

parameter M only, and on the  parameter 1- Fig. 2 shows tygical  

velocity distributions fo r  laminar f l o w  i n  a para l le l  plate channel 

It is seen t h a t  the velocity prof i les  thus genera- 

# 

under a transverse magnetic f i e l d  of different strengths. 

Before proceeding further, it is iI3minating t o  determine the 

slip velocity us. C*ining eqs. ( 8 )  and (U) gives 

u(V) = kPL2/p)/(a,M tanh M j  (1 - a cosh MV/coSh M). (16) 

Hence, the velocity gradient a t  the upper waU 7 = 1 i s  
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It i s  seen tha t  t h i s  gradient is indegendent of the gmameter~ M and 

1. Thus gas rarefaction and/or Wosed magnetic f i e ld  a m e  h t l y  have 
1 

no effect  on the velocj,ty gradient a t  the w a l l .  Now, the slip velac- 

From eq. (18), it i s  easi ly  seen that the magnitude of the s l i p  veloc- 

i t y  i s  only dependevt on the parmeter C u/L (for  a given pressure 

drop) and i s  nbt a function of the magnetic-field btrength. This haa 

Important mathematical and physical consequences, as w i l l  be shown 

l a t e r  . 
From eq. (15), the  dhensionless slip velocity us/u' and the 

centerline velocity uc/y are obtained by sett ing 7 = 1 and q E 0, 

( 2 0 )  

It is  of in te res t  t o  examine the velocity prof i les  f o r  the limit- 

Ing cases M = 0 and large MI For M =  0, it can e a s i l y b e  shown 

%is r e a d t  is not mentioned i n  ref, 4 for  continuum flow 
( h = O )  although fig. 1 of th i s  reference suggests it w a s  known t o  the 
author. 
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that .  f (0 )  = 1/3 and g(0) = 1/2, so that  

+/F = (3/2 + Sh>/(l+ 3x1, J 
which are the solutions for  fully develaped slip flaw i n  a pa ra l l e l  

plate  channel in the absence of a mgnetic f ie ld(ref .  5)- For large MI 

f (M)  3 0, g(M) 4 0, and consequently 

Hence, from eq. (22), one would conclude that  f o r  lasge M 
- 2 

(23) u-* l+ 4 us h a /P 

so tha t  the gas velocity i s  uniform across tbe  duct and equal t o  zero 

only i n  the absence of gas rarefaction. 

plausible result ,  the foregoing resul ts  must be restr ic ted t o  mall 

values of the IGxdmmn rimer M. 

Since t h i s  is not a phy-8icaU.y 

Equations f o r  ud i i  (eq- (19))and uC/C (eq- (20)) have been ev&l- 

uated a s  functions of the two  parameters M and X and w e  plotted i n  

f igsc  3 and 4, respectively. 

wa~1, 

Fig. 3 gives the velocity s3.Q a t  the 

It i s  seen that the dimensiofiesa slip ve-ity u.JE increases 
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tm&rd unity ag M increases. Figc 4 S h m  the behavior of the dimen- 

sionless centerline yelocity I+/% I n  the absence of a -et& 

f i e l d  M = 0, the effect of s l i p  decreases this r a t i o  f r o m  its maxi- 

rmrm d u e  of 1.5 (continuum flow) toward a value of LO. 

f i e l d  is imposed, this decrease is accentuated with increasing magnetic- 

f i e ld  strength. 

If a magnetic 

The current distribution j i s  found fi-arm eq. (2) ,  which gives 

j 

the velocity u 

i n  t e r n  of the irqposd uniform e lec t r ic  and magnetic f i e lds  and 

J = - P e a o )  

when eqs. (9), (lo), and (12) are used. Hence, a s  i s  pe rhap  expctd, 

the current distribution i s  not dependent on the slip p r a m e t a  A. 

As a matter of general interest ,  an examination shal l  be made as  

t o  how the w a l l  f r i c t ion  i s  affected by the gas rarefaction and imposed 

magnetic field,  A waU f r i c t ion  coefficient fo r  laminar flow is de- 

fined a s  

where T is  the shear stress a t  the wall: 
(0 
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with eq, (U). 

I n  the absence of rarefaction effects, the d u e  of S i s  3 for 

zero magnetic-field strength and increases without l i m i t  ag the 

magnetic-field strength increases. 

rarefied, the f r ic t ion  coefficient is reduced, f o r  a given value of 

M, helm the corresponding value for continuum flow. 

t o  note that eq. (27)  predicts a lbtdting value for  S of l/h a s  M 

increases indefinitely. These results are shown i n  fig. 5. 

If, however, the gas is slightly 

It is  interesting 

The relation between the mean velocity 5 and the pressure drop 

P f o r  the flow i s  of considerable interest  and can be obtained readily 

f r o m  eq, (13): 

This equation can be recast into the more illuminating form 

where q E 3 ( ~  + r). 
I n  the absence of gas rarefaction and imposed magnetic field,  

the correction factor q has the value of 1.0: 

MkO 

With gas rarefaction and/or applied magnetic f ie ld ,  the resulting f l o w  

rate, for R g f y n  m e m i r e  &TO?,. i s  $ 

eq, (30). The correction factor JI has been evaluated as a function 

times the  W u e  -predicted by 
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P 

of the two parmeters  p@/fi 

p = 1. Gas rarefaction tends t o  

and M, and is plotted i n  fig. 6 f o r  

increase the  f low sate ,  f a r  a given 

pressure drop, m e r  tha t  predicted by eq, (30), while the presence of 

a magnetic f i e l d  tends t o  syppress the f l a w  rate. 

these resdts i s  physically reasonable since with gas rarefaction there 

i s  a lessening of f r ic t iona l  resistance t o  fluw (fig. 5), while the 

presence of a magnetic f i e l d  introduces a term i n  the momentum equa- 

t i on  having a coqponent always o p s i t e  t o  the direction of gas flow 

(hence a f m e  that retards  %he flaw ra te) .  

becomes immmmte as M + m 3  for  then 

The direction of 

The correction factor Jr 

which would suggest that only in the absence of gas rarefaction can 

the magnetic f i e l d  c q l e t e l y  suppress the f l o w  through the duct. 

SEcm-omm size F L O W  

The resu l t s  of the preceding section are based on a f i rs t -order  

slip-flaw boundmy condition. 

be given t o  the effects  of a second-order boundary condition. 

second-order slip-flow boundary condition i s  believed applicable at 

somewhat lower pressures (or  higher temperatures) Clan is the first- 

order condition. 

I n  t h i s  section, brief consideration w i l l  

The 

The d i f fe ren t ia l  equation governing the flow velocity is, fkom 

eq* (4), 
2 2  

d2u/d'q2 - M?u = - M2 ( P/pea% + E/pe%). 
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The slipflow boundary condition i n  the present analysis 1s (ref. 6) 

The solution f o r  the velocity distributiun u is f o d  t o  be 

U(Q) * (pfr2/~)(l/M) C(C0Sh M - a* coah Mq)/a* sinh M], (35) 

where a* = 1/(1 + hM tanh M - le). Setting q = 1 obtains t he  slip 

velocity 

u = (Eii2/p) (1/M) ((1 - a*)/a* tanh M] 
8 

= (rZ2/p) (h  - h*Ntm M I -  (36) 

It is seen from eq* (36)  that consideration of a secona-order boundary 

condition introduces an additional term A*M/tanh M i n  the s l i p  

velocity expression. 

and hence 

Now, for M -t 0 (no magnetic field), M/tanh M 4 1, 
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l i m i t .  Thus, becomes indefinitely large as M increases. This 

result iqplies that a second order analysis is no longer adequate as 

M increases in mamtude. As a consequence, it is concluded that the 

use of a second-order s l i p  boundary condition, as well as the first- 

oraer boundary condition, is restricted to l ow values of the H a , r t m a m  

number M. 

For the sake crf completeness, expressions f o r  the w a l l  f'riction 

coefficient s and mean velocity G are as SOUOWS: 

S = l,/b - h+M/tanh M + f(M)], 

where, again, 

f ( M )  = 1/M tarih - l/Mz. 

(38) 

(39) 
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